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Abstract 

We prove that the theory of the p-adics Q„, together with a set of 
explicitly given sorts, admits elimination of imaginaries. Using p-adic 
integration, we deduce the rationality of certain formal zeta functions 
arising from definable equivalence relations. As an application, we 
prove rationality results for zeta functions obtained by counting iso- 
morphism classes of irreducible representations of finitely generated 
nilpotent groups; these are analogous to similar results of Grunewald, 
Segal and Smith for subgroup growth zeta functions of finitely gener- 
ated nilpotent groups. 

1 Introduction 

[Warning: This is a preliminary version. There are inconsistencies of nota- 
tion, missing references and citations, and probably some minor mathemat- 
ical mistakes and gaps.] 

This paper concerns the model theory of the p-adic numbers Q p and 
applications to certain counting problems arising in group theory. Recall 
that a theory (in the model-theoretic sense of the word) is said to have 
elimination of imaginaries (EI) if the following holds: for every model M of 
the theory, for every definable subset D of some M n and for every definable 
equivalence relation R on D, there exists a definable function f:D—* M m 
for some m such that the fibres of / over f(D) are precisely the equivalence 
classes of R. The theory of Q p (in the language of valued rings) does not 
admit EI: for example, no such / exists for the definable equivalence relation 
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R on Q p given by xRy if \x — y\ < 1, because Q p /R is countably infinite but 
any definable subset of Q™ is either finite or uncountable. 

We show that the theory of Q p plus some extra sorts admits EI. In fact, 
we prove a more general result (Proposition \2A\i : given two theories T, T 
satisfying certain hypotheses, T has EI if T does. In our application, T is 
the theory ACVF 0>P of algebraically closed fields of characteristic zero with 
residue field of characteristic p and T is the theory of Q p , with appropriate 
extra sorts in both cases. 

The notion of an invariant extension of a type plays a key part in our 
proof. If T is a theory, M \= T, A C M and p is a type over A then 
an invariant extension of p is a type q over M such that q\A = P and q is 
Aut(M/A) -invariant. The theory ACVFq# is not stable; in [5], [6], Haskell, 
the first author and Macpherson used invariant extensions of types to study 
the stability properties of ACVF 0p and to define notions of forking and 
independence. They proved that ACVF 0p plus some extra sorts admits EI. 
We use not only this result but also other properties of types given in [5], [6] 
in our proof of p-adic elimination of imaginaries. 

Our main application of p-adic EI is to rationality results for certain zeta 
functions associated to finitely generated nilpotent groups. Grunewald, Segal 
and Smith [I] showed that subgroups of p-power index of such a group T can 
be parametrised p-adically. More precisely, these subgroups can be coded: 
that is, placed in bijective correspondence with the set of equivalence classes 
of some definable equivalence relation on a definable subset D of some Q p . 
Let a n < oo denote the number of subgroups of T of index n. Using p-adic 
integration over D and results of [Igusa, Denef, etc.], Grunewald, Segal and 
Smith showed that the p-local subgroup growth zeta function J2^=o <V^ n is 
a rational function of t. Du Sautoy and his collaborators have calculated 
subgroup growth functions explicitly in many cases, and studied uniformity 
questions (the behaviour of the p-local subgroup growth function as the prime 
p varies). 

A crucial step in using p-adic integration to prove rationality is to show 
that there exists a definable function f:D^Q p such that the Haar measure 
of each equivalence class [x]r £ D/R of the form 

MM*) = 1/0)1; (i) 

in practice, / is usually given explicitly (cf. [formulas from [1]]). This is 
straightforward for the case of p-power index subgroups of V coded in the 
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usual way. For more complicated equivalence relations, however, it is not 
clear that such an / can be found, even in principle. 

A consequence of elimination of imaginaries is that one can reduce an 
arbitrary definable equivalence relation to a definable equivalence relation 
of a particular kind - - namely, the equivalence relation on GLn(Q p ) for 
some N whose equivalence classes are the left GL A r(Z p )-cosets. We give a 
formula (Eqn. [2]) of the form ([T]) for the Haar measure of the equivalence 
classes. Using results on p-adic integration due to Denef, we prove Theorem 
16.21 which says that zeta functions that arise from counting the number of 
equivalence classes of certain definable equivalence relations are rational. 

We expect Theorem 16.21 will be a useful tool for proving rationality re- 
sults. We give some applications to situations in which it is not clear how to 
apply the definable p-adic integral formalism. The main one, and the original 
motivation for our results, is in the area of representation growth. This is 
analogous to subgroup growth: one counts not the number h p n of index p n 
subgroups of a group T, but the number a p n of irreducible p n -dimensional 
complex characters of F (modulo tensoring by one-dimensional characters 
if T is nilpotent). Representation growth of finitely generated pro-p groups 
was studied by Jaikin [refs]; Lubotzky and the second author gave a partial 
criterion for an arithmetic group to have the congruence subgroup property 
in terms of its representation growth [H Theorem 1.2]. We prove that the 
p-local representation growth zeta function (r, p (t) = J2^Lo a p ™t n of a finitely 
generated nilpotent group T is rational (Theorem 18.41) . We hope that Theo- 
rem 18.41 will stimulate further investigation of representation growth, as the 
paper [I] did for subgroup growth. 

Jaikin [ref] has proved, under mild technical restrictions, that the p-local 
representation growth functions of semisimple compact p-adic analytic groups 
are rational; we are grateful to him for explaining his work. His parametri- 
sation of irreducible characters uses the coadjoint orbit formalism of Howe; 
rationality follows from the usual methods of p-adic integration. [More ex- 
plicit: e.g. SX 2 ?] We believe that his methods could be adapted to prove 
rationality in the case of finitely generated nilpotent groups as well. 

This paper falls naturally into two parts. The first part is model-theoretic: 
we establish our main results Proposition 12.41 and Theorem !2.2l on elimination 
of imaginaries, and establish the general rationality result Theorem 16.21 In 
the second part, we apply Theorem 16.21 to prove rationality of some group- 
theoretic zeta functions, including the representation growth zeta functions 
for finitely generated nilpotent groups (Theorem I8.4p . The main tools are 
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results from profinite groups; no ideas from model theory are used in a sig- 
nificant way beyond the notion of definability. 

The authors wish to thank Thomas Rohwer, Deirdre Haskell and Dugald 
Macpherson for their comments on earlier drafts of this work. We are grateful 
to Alex Lubotzky for suggesting studying representation growth; several of 
the ideas in Section [S] are due to him. The second author was supported by a 
Golda Meir Postdoctoral Fellowship at the Hebrew University of Jerusalem. 

2 Elimination of Imaginaries 

2.1 Model-Theoretic Preliminaries 

Let £ be a definable relation, that is, a definable subset of M n for some n. 
Given a formula R(x, y), where x is an n-tuple of variables, and given a tuple 
b, we denote by R(x, b) the set {x e M n : M |= R(x, b)}. 

A definable relation E is coded if it can be written as R(x,b), where b 
is a tuple of elements of the sorts of the theory, and where b ^ b' implies 
that R(x,b) does not coincide with R(x,b'). In this situation b is called a 
code for E; dcl{b) depends only on E, and is denoted <E>. T is said to 
eliminate imaginaries (EI) if every definable relation in every model of T is 
coded. ACVF has EI for the sorts S n ,T n plus the dominant field sort K 
([HHM]). 

In general, we use the notation <E> to refer to the code of E with respect 
to T eq . 

2.2 Many- Sorted Structures 

We will consider many-sorted theories with a distinguished collection S of 
sorts, referred to as the dominant sorts; we assume that for any sort S, there 
exists a O-definable partial function from a finite product of dominant sorts 
onto S (and this function is viewed as part of the presentation of the theory.) 
The set of elements of dominant sorts in a model M is denoted dom(M). 

Lemma 2.1 (Cf. |5l Remark 3.2.2]) A theory T admits elimination of imag- 
inaries if every definable function on a dominant sort, in any model ofT, is 
coded. 



4 



Proof It suffices to show that every definable function / on M n (n G N) 
is coded. Pulling back by the given O-definable functions, it suffices to show 
that every definable function on a product M\ x . . . x M n of dominant sorts 
is coded. For n — 1, this is our assumption. For larger n, we use induction, 
regarding a definable function from Mi x . . . x M n to M as a definable function 
from M n into the set of definable functions from Mi x . . . x M n _i to M, or 
rather, into the set of codes for these functions. 

2.3 Valued fields 

Let K be a valued field, with valuation ring O, residue field k, value group 
T, maximal ideal M.. 

We take a single dominant sort, for K itself. The additional sorts S n ,T n 
for n e N are given by 

S n {K) = GL n {K)/GL n {0) = B n (K)/B n (0), 
the set of lattices in K n , and 

T n (K) =GL n {K)/GL n>n {0) = (J B n (K) / B n , m (0) = (J e/Me. 

Here a lattice is a free O-submodule of if n of rank n, B n is the group 
of upper triangular matrices, GL n ^ m {0) is the group of matrices in GL n (0) 
whose mth column reduces mod A4 to the column vector (1, 0, 0, . . . , 0) of k, 
and B n>m {p) := B n {0) fl GL n ^ m (0). There is a canonical map from T n (K) 
to S n (K) taking / = e/Aie to the lattice M.. 

It is easy to see using elementary matrices that GL n (K) = B n (K)GL n (0), 
justifying the equality of the first two definitions of S n . Equivalently, it is 
shown in [SI Lemma 2.4.8] that every lattice has a basis in triangular form. 

Note that k can be identified with the fiber of Ti — > Si above 0, while the 
value group T can be identified with Si. More generally, if B C K then let 
B(B) = {{x : \x - a\ < \b\} : a, b e £}. Then B embeds into S 2 U K. (The 
balls of 0-radius are identified with K. The group G of affine transformations 
of the line acts on B transitively on the balls of nonzero radius; the stabilizer 
of O e B is G(O); soM\K~ G(K)/G(0) < GL 2 (K)/GL 2 (0).) 

The theory of a structure is determined by the theory of the dominant 
sorts; so we can speak e.g. of Th(Q p ) in these sorts. We take the language 
to include the ring structure on K, and the natural maps GL n (K) — > S n (K), 
GL n (K) — > T n {K). 
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Theorem 2.2 The theory of Q p in the field sort together with the sorts S n 
eliminates imaginaries. 

We give a proof of this using the theory of algebraically closed valued 
fields, and invariant types. Let us say that a theory T has the invariant 
extension property IE (respectively has property IE for a sort S) if whenever 
A = ad (A) C M (= T, and c G M (respectively c 6 S), tp(c/A) extends 
to an Aut(M / A)-mv&rid,nt type over M. This holds trivially for any finite 
field, and by inspection, for T7i(Z, +,<)■ We will show that it holds for the 
p-adics too. 

2.4 Real elimination of imaginaries 

To illustrate the idea, consider this way of deducing EI for RCF (the theory 
of real closed fields) from EI for ACF (the theory of algebraically closed 
fields). Later we will see how to replace ACF by any stable theory: indeed 
any theory with enough invariant types of the right kind. 

Example 2.3 Let F be a field. Assume: 

(i) The theory of F is algebraically bounded; 

(ii) (Rigidity of finite sets) No automorphism of a model of T can have a 
finite cycle of size > 1. Equivalently, for each n, Th(F) has symmet- 
ric O-definable functions ri jTl (xi, x n ), such that (denoting r itn (S) = 
r i)Tl (xi, ...,x n ) when S = {xi, . . . ,x n }), S = {r 1}n (S), . . .,r n>n (S)}; 

(iii) (Unary EI) Every definable subset of F is coded. 

Then F eliminates imaginaries (in the single sort of field elements.) 

Proof Let / be a definable function on F. By Lemma 12.14 h suffices to 
prove that / is coded. Let H be the Zariski closure of the graph of /. Since 
the theory is algebraically bounded, the set H{x) := {y : (x, y) G H} is 
finite for any x, of size bounded by some n. Let U n> i be the set of x such 
that f(x) = ri tn (H(x)). Then H (being an F-Zariski closed set) and each Ui 
(being unary) is canonically coded; these codes together give a code for /. 

Note that RCF satisfies the hypotheses of Example 12.31 [check!], but 
Th(Q p ) (in the field sort alone) does not. [Justify: Th(Q p ) doesn't have 
unary EL] 
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2.5 Criterion for Elimination of Imaginaries 

Proposition 2.4 Let L C L be languages. Let T be a complete L-theory, 
T a complete L-theory admitting elimination of quantifiers and of imaginar- 
ies, and assume T contains the universal part of T . Then T too admits 
elimination of imaginaries, provided conditions (i)-(v) below hold. 

The closure under quantifier-free L - definable functions is denoted del; 
the closure under L- definable functions in M \= T is denoted DC L. Similarly 
acl, ACL and tp, TP. 

Assume that whenever M is a sufficiently saturated model of T, A = 
ACL(A) CM,ce dom(M), M\L < M |= f , we have: 

(i) (Relative algebraic boundedness.) For every elementary submodel M' 
ofM, DCL(M'c) C acl(M'c). 

(ii) (Weak rigidity). ACL(Ac) C DCL(Ac). 

(Hi) (Unary EI) Every M-definable subset of dom(M) is coded in M (or 
just by elements of M definable over M.) 

(iv) (Internalizing L-codes.) Let e G M and suppose e G dcl(M). Then 
there exists a tuple e' of elements of M such that an automorphism of 
M leaving M setwise invariant fixes e iff it fixes e' . 

(v) (Invariant types with strong germs.) There exists an Aut(M/ A) -invariant 
type p over M such that p\M is consistent with TP(a/A). 

Moreover, for any L-definable function r on M, let dpr be the p-germ 
of r (where two functions r, r' defined over M have the same p-germ if 
they agree on a realization of p over M .) Then: 

(*) There exists a sequence e« G dcl(A, <r>) such that a G Aut(M/A) 
fixes dpr iff a fixes almost every . 

(**) If dpr is fixed by Aut(M/A), then there exists an A- definable func- 
tion h (for L,T) with the same p-germ. 

Proof Let M be a rather saturated and homogeneous model of T. By 
Lemma 12. 1[ it suffices to show that M-definable functions on dom(M) are 
coded. Let / be such a function. Let A = ACL(<f>) R M and let A' = 
DCL(A, </>) (allow A' to include imaginary elements.) 
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Claim 2.5 There exists a binary relation R, L-definable over M, such that 
for any c, R(c) := {a : M \= R(c,a)} is a finite set, and for c G dom(M), 

/(c) e i?(c). 

Proof By relative algebraic boundedness (i), and compactness. 

Claim 2.6 For any complete type p = tp(c/A) (c G dom(M)), / agrees with 
some A-definable function on p. 

Proof Let p be a type as in (v), with the "strong germ" property (*), (**). 
For any R as in Claim I2.5[ there exists some finite m = m(R) such that if 
c |= p\M then R(c) is an m-element set. Let mo be the minimal possible 
value of m(R), and restrict attention to relations R satisfying the conclusion 
of Claim [2751 such that m(R) = m . If R, R' are two such relations, then their 
conjunction has the same property. But as m(R^zR') < m(R) = m(R') = 
m , equality must hold. It follows that for c |= p\M, R(c) = R'(c). Let 
r(c) be a code for the finite set R(c). The p-germ <dpr> of r is fixed by 
Aut(M/A'). Let (e*) be a sequence as in (v) (*). Note that G dcl(M), so 
it makes sense to talk of Aut(M) acting on the e,. Let e{ be as in (iv). By 
Neumann's Lemma, all but finitely many must be Awt(M/y4')-invariant. 
Then all but finitely many e/ must be in ACL(A'). (If an infinite set e/, i 6 J 
lies outside ACL(A'), some automorphism r G Aut(M / AC L(A')) would have 
r(ej) 7^ tj for j G J, but this contradicts that r fixes the germ.) But e{ are 
real elements, so e/ G A. Let A* = {e G cfc/(M) : Aut(M/A)e = e}. Then 
ej G A* for each such i, so y4wt(M/A*) fixes each e^, and by (v) (*), the 
p-germ of r is invariant under Aut(M/A*). By (**), there exists an A*- 
definable function r' with the same p-germ as r. 

Let R'(x) be the finite set coded by r'(x), R"(x) = R'(x)f]M. Then R"{x) 
is Aut(M / A)-'msraxidiit, hence an A-definable function in M. Let c |= p\B 
(where B contains A and / is defined over B.) By (ii), R"{c) C DCL(Ac). 
As /(c) G i?(c) = R'(c), we have /(c) G R"(c), so /(c) = (7(c) for some 
A-definable g. 

Let = {x : /(x) = g{x)}. Then is A'-definable. Using unary EI (iii), 
E has a code e; clearly e is defined almost over </>, so e G A, and thus E is 
A-definable. As /(c) = g(c) when c |= p, we have E G p. The claim follows. 

Claim 2.7 The function / is A-definable. 
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Proof By Claim |2To1 and compactness, there exist ^-definable sets Di, . . . , D m 
whose union covers dom(/), and A-definable functions Fi on Di agreeing with 
f\Di, so / = UjFj is A-definable. 

Now to prove the proposition, let a be a tuple from A, such that / is 
a-definable. Let e be the (finite) set of conjugates of a over </>. Then 
DC X(</>) = DCL(e). Now by EI for T, the finite set e is coded by a tuple 
e', though e' may consist of elements in dcl(M) but outside M. However by 
(iv), there exists a tuple e" of elements of M such that an automorphism of 
dcl(M) leaving M invariant fixes e" iff it fixes e'. Thus an automorphism 
of M fixes </> iff it fixes e"; as M is finitely homogeneous, DCL(<f>) = 
DCL(e") , so / is coded. 

Porism 2.8 The assumption (**) in (v) is a little too strong for the intended 
application. However, it is only used for the function r of Claim 12.61 we will 
show that it holds for some such r. 

Lemma 2.9 Assume that for any a 6 M , there exists a tuple c from dom(M) 
with a G DCL(c) and such that TP(c/ACL(a)) extends to an Aut(M/ACL(a))- 
invariant type over M. Then (ii) follows from: 

(ii 1 ) //BC dom(M), acl(B) H M C DCL(B). 

Proof Let A = {a« : i < k}. For each i, pick a tuple Cj of elements 
of dom(M) with a { G DCL(d), and extend TP(d/A) to an Aut(M/A) - 
invariant type pj. Let y4 = A, and recursively let = Aj U {aj} , where 
Oj |= p|Aj U {c}, and Aa = Ui<AAj for limit A. 

Claim 2.10 ACL(Ac) n /^^(^c) C DCL(Ac) 

Proof By induction on i. The limit case is trivial. To move from % to % + 1, 
just note that as tp(ai/ACL(Aic)) does not split over Aj, any permutation 
of ACL(Ac) that is elementary over Ai must remain elementary over A i+ i. 

Now DCL(A A ,c) = DCL(A X n dom(M),c), so by (ii') this set contains 
ACL(v4 A , c) fl M and hence ACL(Ac) n M. Applying Claim E3U] with i = A, 
we obtain (ii). 
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3 The £>-adic Case 



We verify the hypotheses of Proposition 12.41 -Porism 12.81 for T = Th(Q p ), 
f = ACVF QtP . 

(i) In fact, in this case, by model completeness of Th(Q p ) and the nature 
of the axioms, acl(M'c) R M is an elementary submodel of M. 

(ii) We use Lemma 12.91 the hypothesis of Lemma 12.91 is proved in Corol- 
lary H21 while the assumption (ii') of Lemma T2.9I is in van den Dries's thesis: 

cf. nu. 

(iii) (P. Scowcroft has proved a weak version of this, where the sets are 
classes of equivalence relations in two variables. Raf Cluckers has suggested 
that a strong version may be true, where the codes are themselves in B. ) 

Here is a proof using the present ideas. Let e be an imaginary code for a 
subset D C dom(M). Let A = ACL(e) n B, B = ACL(e). 

Claim 3.1 For all c £ dom(M), tp(c/A) =>> tp(c/Ae). 

Proof Recall the description in Lemma I4"751 (cf. also Corollary 14 .71) of tp(c/A) 
and tp(c/B). If w £ M(B) then w £ A, by definition of A. Thus fW(c; B) = 
fW(c; A). Moreover TnDCL(B) = TnDCL(A) (as elements of T are coded 
by balls.) Thus tp(c/A) and tp(c/B) are generated by exactly the same set 
of formulas. 

Thus some 1-types over A imply D, and all the others imply ->D, so that 
by compactness D is definable over A. Hence e £ A. The proof is concluded 
as was Proposition 12.41 there is a tuple a from B with a £ ACL(e) and 
e £ DCL(a); so DCL(e) = DCL(F), where F is the finite set of conjugates 
of a over e. We already know that finite sets are coded (e.g., by Proposition 
EH (iv) and EI in ACVF.) 

(iv) Any element e of S n (M) has a basis in some finite extension L of 
K = dom(M). Say [L : K\ = m Q ; let L be the join of all field extensions of 
K of degree mo. Then L is a finite extension of K; [L : K] = m. (Here we use 
the fact that the Galois group of the p-adics is finitely generated; for more 
general fields, we would require canonical data for finite Galois extensions; 
but L is O-interpretable and requires no code.) Moreover as Q„ fl Q is an 
elementary submodel of K, one can find a generator a of L over K, whose 
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characteristic polynomial is over DCL(fy) in M. One has an a-defmable 
isomorphism f a : L — > K m (as vector spaces over K), with f a {Oi) = O m . 
(I.e. (9^ is a free (9- module of rank m.) f a further induces an isomorphism of 
the lattice eflL n with a lattice e' of K mn ; e' = f a (e). As e', e are defined over 
L and are AutiLjK) -invariant (e' is actually defined over K), we see that if 
a' is A-u^L/i^-conjugate to a, then e' = /»'(e) as well. Thus e' = /(e) for 
any of the (finitely many) conjugates of f a , so DCL(e) = DCL(e') in the 
sense required in (iv). Similarly for T n (alternatively, for finite extensions 
K' of K, as the value group has a least element, elements of T n (K') can be 
coded by elements of S n (K'); cf. the proof of Theorem 12.21 below.) 

(v) If a ball e is in acl(A), and c G e, let 7 be the least radius in T(M) 
with 7 > rad(c); let ei be the ball around e of radius 7. Then c G ei, 
and rad{e x ) G M, so e x G M. Also e x G ACL (A) so e x G A. Every sub- 
ball of ei whose radius is finitely many notches less than 7 must also be in 
A (since there are only finitely many such sub-balls.) In particular, some 
ball containing c of radius less than 7 is defined over A. We conclude that 
tp(e/acl(A)) is the generic type of a strictly infinite intersection P of balls; 
and that P is already the intersection of a sequence of M-balls, i.e., balls 
with a point in M and radius in M. We know that the generic type of P 
extends to an Awt(M/A)-invariant type, ap. 

Now let A, r, / be as in Claims 12.51 12.61 of the proof of Proposition 12.41 / 
is an A-definable function in M. With A' = {d G M e <? : d G DCL(A, </>)} 
A = A' R M. r is a function definable over M, with r(t) an n-element set, 
and f(t) G r(t), for all i G P outside some proper sub-ball E r . We minimized 
n, and saw that the P-germ of r is Awt(M/A)-invariant. 

We have r(t) = u' =1 rj(t), where r« is irreducible on the generic type of 
P (cf. Definit ion 15.11 for irreducibility, and for (3P.) can be be taken to be 
defined over M al9 ; by taking the intersection of conjugates over M, we can 
assume it is defined, in M, with parameters from M. 

We have fit) G rj(t) for t G Xi\ where the X» are M-definable sets, and 
P(M) \ E r C UjXj. We may assume that no Xj is contained in a proper 
sub-ball of P. (Else delete it and increase E r .) 

For b G /?P|A, Tj|& has a germ, coded say by c(b) = d^i. Let c denote 
the map b h-> 9 b r. Denote A" = ACL(A, <c>, <r>, </>, d) n M, where 
is some element of P. Let 3^ = {\d — 1\ : t G Xj}. Observe that (as T(M) 
is stably embedded in M, and the induced structure is that of Presburger 
arithmetic) Yi contains an arithmetic progression restricted to rad(P\A"); 
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thus for some finite m, any interval in rad(P\A") of length at least m must 
include a point of Yj. Let us call an interval of V short if it is contained in 
one of the form [s\q, s] for some n G N. 

Claim 3.2 Let c',c" G Aut{M/A')c. For all b G /3 P \A", if rad{b) G YJ then 
c '{b) = c"(b). 

Proof If r',r" G Aut(M / A')r are conjugates of rj, so that c'(6) = df,r', 
c"(b) = dj,r", we have to show that r', r" have the same germ on 

Otherwise, one of them, say d^r', differs from dj,r. So for for all t G 6, 
except perhaps for a some finite union of proper sub-balls, rj(i) % r'(t). As 
is irreducible on P, by Lemma |5T3| r,|6 is irreducible on a&. So r^(t)Dr'(t) = 
for t G 6, away from a finite union e of proper sub-balls. But there exists 
t G Xj with |t — c?| = rad(b). By completeness of ap|^4", and (3p\A", t G 6, 
and t ^ e. However /(£) G r'(t), and also f(t) G rj(t). This contradiction 
proves the claim. 

Claim 3.3 There exists 70 G T(A) and an A-definable balls bo, Pi (or b = 0) 
with b G P G P\, such that for any c',c" G Aut(M/v4')c, for some finite 
union of short intervals U(c',c"), if b C 6 c Pi , rad(b) > 70, and rad(b) ^ 
[/(c 7 ,^'), then c'(&) =c"(&)- 

Proof Let f/ P (c',c") = {rad(6) : 6 G fip\A", c'(b) ^ c"(b)}. By Claim E21 
Up(c', c") contains no point of Yj. Now Up(c, c') is a finite union of intervals; 
they must each be short, by the remark regarding Yj. By compactness, some 
70, bo over A", for all c', c", for some finite union U(c, d) of short intervals, 
for all 6,if b <^b G P, rad(b) > 70, and rad(b) £ U(c,c') then c'(b) = c"(b). 
Since such 70, exist, one can take 70 over A. If P has an A-definable 
sub-ball, one can take bo to be that sub-ball. If not, then all sub-balls of P 
of a given radius have the same type over A'; since some bo has the stated 
property, they all do; but any sufficiently large ball b contains a ball b of 
the prescribed size; so in that case bo is irrelevant, and can be taken to be . 
Finally, use compactness to replace P by P\. 

Claim 3.4 Let c r = DCL(A', <c>) n T. Let d, c" G Aut(M/A'c r )c. Then 
c '(b) = c"{b) for all b G (3 P \A with rad(b) £ c r . 

Proof Let 

W(c',c") = {a G r(M)\cr : (36) (60 C b G P u rad(b) > 7o , c(6) ^ c'(6), A a < rarf(6) < a} 
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I.e. W(c', c") is the set of left endpoints of "unit intervals" meeting U(d ', c"). 
By Claim El W(c',c") is finite. Clearly W(ci,c 3 ) C W{c u c 2 ) U W(c 2 ,c 3 ). 
Moreover, as d G Aut(M/A'c T )c, ACL(A'c r c') n T = DCL(A'c T c') fl T = 
DCL(A'crc) (IT = DCL(A'c) n T = c r , so that ACL(A'c r c') n (r \ c r ) = 0. 
Thus the hypotheses of Lemma 15.51 apply to Aut(M/A'cr)c, T \ cr, U. By 
Lemma [5.51 W / (ci,c 2 ) = 0. The claim follows. 

Claim 3.5 There exists an A'cp-definable function d\ (for M), and an A' Cv - 
definable set Q containing {b G (3p\A : rad(b) £ cr}, and an A'cr-definable 
function di on Q, such that d\{b) = db(r\b). 

Proof Follows from Claim [3^1 and compactness. 

Claim 3.6 There exist M-defmable functions d, r, with d defined over A, 
such that for b G @p\A, 

d(b) = d b {r\b) and f{t) G r{t). (*) 

Proof (*) holds for f = r and d±, for b G Q, by Claim [331 moreover we may 
write g?i(w) = di(j, u), Q = Q(j,i), with 7 certain parameters from cr C T. 
Further, we can take Q to contain all elements of /3p\A with radius outside 
7. As T is Skolemized over A', we can find 7' from T(A') such that for some 
f, (*) holds true for all b G /3p|>l with radius outside 7'. But the radii of all 
balls in b G (3p\A are anyhow outside 7'. 

This shows that we can find d defined over A'. But 0? is coded, and the 
code is in A', thus it is automatically A, proving the claim. 

Finally, since germs on closed balls are strong ([HHM]), one can find 
a function g b on b with germ d(b). All the hypotheses of Lemma 15.41 are 
satisfied, so there exists an A-definable function g with the same P-germ as 
r. This finishes the proof of (v). 

Proof of Theorem 12.21 By Proposition 12.41 (and Porism [278]) . we have EI 
to the sorts Q p , F, S n (Q p ),T n (Q p ). But the sorts T n are not actually needed; 
if e is a lattice, then pe is itself an i?'-lattice, and a coset h of pe — a typical 
element of T n (Q p ) — can be coded by the i?'-lattice in K n+1 generated by h 
and by (0^-n, 1). 

We finish the section with some supplementary remarks. 
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Remark 3.7 Let A = ACL(A) C M |= Q p . Then every type over A extends 
to an Aut(M / 'A) -invariant type. 

Proof Let A = acl(A) C M \=T. Let c G M; then c = /(ai, . . . , a n ), where 
aj G dom(M), and / is O-definable. It suffices to extend tp(a\, . . . , a n /A) 
to an v4ut(M/A)-invariant type. If tp(c/M) and tp(d/Mc) are Aut(M/A)- 
invariant, then so is tp(cd/M); so it suffices to show that tp(cii/Ai) extends 
to an Aut(M/Aj)-invariant type for each i, where Ai = DCL(Aa\ . . . aj_i). 
But (cf. the proofs of Proposition I2.4( i) and (ii)) we have inductively that 
Ai = ACL(Ai), so Corollary 14.71 applies. 

Remark 3.8 Rigidity of finite sets fails for the theory of the p-adics (in the 
sorts S n , or just in the ball sorts.) 

Proof As the value group is stably embedded, one can find a non-identity 
automorphism cr fixing the value group. So \cr(x)\ = \x\, and also x, a(x) 
have the same angular coefficient. Take a with val(a) > 0, with cr(a) 7^ a. 
Let 7 = |cr(a) — a\ < \a\, a.c.(a(x) — x) = a. Then |cx 2 (a) — cr(a)| = 7, 
a.c.(er 2 (a) — a(a)) = a, etc. As p ■ a = in the residue field, (cr p (a) — a) = 
Si=o,...,p-i(V +1 ( a ) — a* (a)) has "absolute value < 7 and 7th coefficient pa," 
i.e. it has absolute value 5 < 7. Thus in the ring O/S, the image of a is not a 
fixed point, but has an orbit of size p under a. This set of size p is not rigid. 

4 Extendible 1-types in non-principal balls 

Let K be a valued field, with maximal ideal M.. We assume given also a 
system S of homomorphisms r : K* — > i^ r , such that each r G S vanishes 
on 1 + Ai u for some v = u(r) G N. We assume that (K, +, •, _1 ,r : X — > 
i^r, . . .) re s admits elimination of quantifiers; the . . . refer to additional rela- 
tions on the sorts K r , and possibly additional sorts. Assume T is embedded 
and stably embedded. Let 

Q R = {(u,v,v', . . .) : (Bx G K)\x\ = u,r(x) = v,r'(x) =v',.. .} reS . 

For definiteness, we assume that the value group has a convex subgroup 
isomorphic to Z. Let Ao denote an element of maximal absolute value < 1. 
Write \x\ << \y\ if \x\ < \y\™\ for all m = 1, 2, . . .. If neither \x\ << \y\ nor 
\y\ << \x\, write x ~ y. 
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We further assume that every definable subset of Qr is coded, and more- 
over that germs of subsets of Qr are strong, i.e: let U C Q R . Let 7x > 
72 > ... be in Y(A). Let P r = {S e T : (Vn) 5 < 7„}. Assume that 
for every conjugate U' of U over A, for some n, and some 5 G Pr(A), 
5<x<7„=^(:rG£/ = xG U'). Then there exists [/" defined over A, 
5 G Pr(A), n such that 5<x<7„=^(:rG£/ = :rG U"). 

For the p-adics, this holds, according to Macintyre, if we take the valu- 
ation map together with the maps K*/K* m into appropriate finite groups 
K r . In these finite groups, every element is named, so Qr is just a disjoint 
union of copies of T. (This description is over-elaborate for the p-adics, and 
is given with a view to their ultraproducts.) 

Observe that \x — y\ « \x — z\ implies r(x — z) = r(y — z) (r G S). 
Indeed (y — z)/(x — z) = 1 + (y - x)/(x - z) G 1 + M v . 

Notation 4.1 If w G B(M), x G dom(M),a; ^ w, the absolute value \x — y\ 
takes the same value for all y G w. We denote it \x — w\. By rad(w) we 
denote the supremum of \a — b\, a, b G w. 

If moreover r G 5, |rr— w| |Ao| 6 > rad(w), b > v{r), then r(x—y) = r(x—y') 
for y, y' G w. We write r(x — w) = r(x — y) in this case. 

Definition 4.2 Let / be a A-definable function. A partial type p over A is 
complete over A relatively to f if the natural map: tp(c/A) i— > tp(f(c)/A) is 
injective on the set of extensions of p to Similarly for several such /. 

Remark 4.3 is complete over A relatively to / iff for every formula 4>(x) 
over A, there exists a formula 9(u) over A, such that p =^ (0(^) = d(f(x))). 

For the rest of the section [check!] we consider the generic type of an oo- 
definable ball. Let b = {b n : n — 1, 2 . . .} be a strictly descending sequence 
of balls in M(K). Let P = P b = n„=i >2 ,...6„. Let P T = {7 G T : (VnG N)7 < 
rarf(6 n )}. For any A with b n G DCL(A), let be the conjunction of Pft(x) 
with: 

{x <£ w & \x-w\ > 7 : w G BnPCL(A), w C n n 6„, 7 G P r (^) = P r nPCL(A)} 

Lemma 4.4 Let A C dom(M). Pzx a G B(A) with a C b n for each n. Then 
qi\A is complete relative to \x — a\ and to r(x — a) (r G S). 
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Proof Taking into account quantifier elimination, we must show the follow- 
ing: let N be an elementary extension of M, let c,d G iV be two realizations 
of q — %\A, such that (|c — a\, r(c — a),r'(c — a), . . .) has the same type over 
A as (\d — a\,r(d — a), r'{c' — a), . . .) (r, r', . . . G S). Then the substructures 
A(c), A(c') generated by c, d over A are isomorphic over A. 

Extend the valuation from A" to to N alg , the algebraic closure of N. 
Extend each r G S to a map with kernel Ker(r)(l + )$ r) N ai g ) C A^*. 

(Note that if a G Ker(r), b G CV^, and a(l + ^ {r) 6) G AT, then a(l + 
t u ^b) G Ker(r): indeed either a = or 1 + t u(j ">b) G AT, and in the latter 
case, be N, and |b| < 1 so b G O, and thus (1 + t u{r) b) G ATer(r).) 

So we still have: \x — y\ << \x — z\ implies r(x — z) — r(y — z). 

Then it suffices to show that A alg (c), A alg (d) are A a?s -isomorphic, by an 
isomorphism commuting with the extensions of the maps r. (One can then 
restrict the isomorphism to M(c).) 

Let 7 = \a — c|, 7' = \a — d\. Then 7,7' realize the same type in the 
value group over A; so we may assume 7 = 7'. Similarly we may assume 
r(a — c) = r(a — d) for each r G S (the corresponding *- types agree.) 

Take any b G A alg . If 6 ^ 6 n , for some n, then |c — 6| = \a — b\ = \d — b\. 
Moreover, |c — d\ < rad(b n+ k) < ra<i(6 n )|Ao| fc < |c — 6|]Ao| fe ; and it follows 
that r(c — b) = r(d — b) for r <E S. 

If 6 G b n for each n, then \a — b\ « rad(b n ) for each n. Note that 
m|a — fo| = |e| for some e G A, so |a — b\ G DCL(A). Thus |a — c| >> |a — 6|. 
Thus r(c, 6) = r(a, 6). We have |a — c'| = |a — c|, so \b — d\ = \a — d\ = \a — c\ = 
\b — c|, and r(d,b) = r(a,b) = r(c,b). So in either case |c — b\ = \d — b\, 
r(b — c) = r(b — d) (r G S). 

As any rational function g over A is a ratio of products of constant or lin- 
ear polynomials, it follows that \g(c)\ = \g(d)\,r(g(c)) = r(g(d)) in general. 
This proves the lemma. 

Lemma 4.5 Let A C M , A = DCL(A). Then for any formula 4>(x) over 
A, either qi\A <p or qi\A =3- -i<f> or there exists a formula 9(u,v,v', . . .) 
over A, and proper sub-balls e C d C P defined over A, such that 

x d =^ (<f>(x) = 9(\x - e\,r(x - e), . . .)) 

Thus: 

(a) Let a G M(A) with a C b n for each n. Then %\A is complete relative 
to \x — a\ and to r(x — a) (r G S). 

(b) If there is no a as in (a), then qi\A is complete. 
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Proof Let <f>(x) be formula over A. Let u = (u, v, v', . . .) be a sequence 
of variables appropriate for \x\,r(x),r'(x), . . .. Applying Lemma [4.41 over M 
(enlarged if necessary so that P(M) is nonempty), for any a G P(M), there 
exists a formula 9 = 9 a such that 

q- b \M =>• (<j)(x) = 9(\x - a\,r(x - a), . . .)) 

Note that two conjugates of 9(u, v, v', . . .) over A must agree, on elements 
(u, v, v', . . .) G Qr such that u stays away from some proper sub-segment 
of Pp. (Say 9,9' are defined over A'; if u > 5 for any 5 G Pr^'X pick x 
with |x — a| = m, r(x — a) — v , . . .; then |x — a'| = u, r(x — a') = v, . . ., and 
so 9(u,v,v', . . .) iff 0(x) iff 9'(u,v,v', . . .).) By the strong coding property 
assumed for Qr, 9 can be taken to be defined over A. 

Now a finite union of proper sub-balls of P is contained in a single proper 
sub-ball. So there exists a proper sub-ball e of P such that x ^ e =>■ (0(s) = 
— a|,r(x — a), . . .)). Let e' be the ball containing e and finitely many 
sizes bigger; but big enough that for each r E S mentioned in 9, if y ^ e' 
then r(y, e) is well-defined. Then: 

x e P,x ^ e' ^ (4>(x) = 9(\x - e\,r(x - e), . . .)). (#) 

Let a = rad(e). So rad(e') = a|Ao| - ' for some integer /; we fix /, so that e' 
is a function of e. 

If g^A =^ -i0 or ^> 0, we are done. Otherwise, there are a , ai \= qi\A 
with 0(ai), -i0(a o ). Let / be the smallest ball containing do, cl\. Let /' be the 
ball containing / of radius I notches more than that of /. Then there cannot 
be (e, e') satisfying (#) with /', e' disjoint. Otherwise, |oo — e| = |oi — e| and 
r(a — e) = r(a x — e) for any r mentioned in 0; so 9(\a — e\, r(ai — e), . . .)) 
holds iff 9{\a\ — e\,r{a\ — e), . . .), and thus cj)(a ) iff 0(ai), a contradiction. 

But any conjugate of (e, e') over A has (#). Thus, no two conjugates of 
e' are disjoint. Hence they form a linearly ordered chain; an element of such 
a chain is determined by its radius. So we can write e' = e'{(3); e'(/3) is a ball 
of radius (3, and e' is an A-definable function of f3. Let e"{(3) be / notches 
bigger; then (#) holds of (e'(/3), e" (/?)). 

The domain of these functions can be taken to be an A-definable interval 
in T; such that for each (3' in this interval, (#) holds of e' (/?'), e"{(3'). Take 
the least /?o in the interval (here we use the embeddedness and stable embed- 
dedness of Y; nonempty definable subsets of Y have least elements. We could 
say instead: some model of the theory has well-ordered positive Y .) Now 
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e'(A)) C e'(/3) C P, so e'(A>) C P, and thus e"((3 ) C P. As (3 is denned 
over A, we have found the two balls as required. 

Lemma 4.6 Assume F is definably well ordered (every nonempty definable 
subset has a least element). Let A C M,b G DCL(A) a properly decreasing 
sequence of balls. Let q r be a complete type over A extending Qr. Assume q r 
implies u < rad(b n ) for each n, and 7 < u for any 7 G DCL(A), 7 < rad(b n ) 
(each n.) Then 

q- b U U aeP - {M) q r (\x - a\,r(x - a),r'(x -a),.. .) 

is consistent. 

Proof We may assume M has an element a' with a' G b n for each n. 
Let G = {7 G M, (Vn)(7 < rad{b n ))}. Note that q r is consistent with 
{7 < u : 7 G G} . 

(For any 7 G G, if g r |= u < 7, then some ^ G g r is bounded below 7; but 
then the least upper bound 7' of {u : tp < u] is in DCL(A), so q r \= 7' < w, 
a contradiction.) 

Let d be such that (|c'|, r(c'), . . .) |= g r U {7 < u : 7 G G}. 

Let d = a' + c'. Clearly qi{d). Moreover for any a G p,(M), |<i — a'| = 
|c'| >> |a — a'\. Thus |<i — a| = \d — a'\ and so, as observed before, r (a' — d) = 
r(a — d) = r(c'). Thus d realizes the type in question. 

Corollary 4.7 Let M |= Th(Q p ), ACM, ACL(A) HE C A. Let c G 
dom(M). T/ien tp(cA4) extends to an AutiM j 'A) -invariant type. 

Proof Let W(c; A) = {w G B(A) : c G w}, P(c;A) = nW{c;A). As the 
residue field of M is finite, P(c; A) cannot reduce to a single ball (that ball 
would be the union of finitely many proper sub-balls, each in ACL(A) n B, 
hence in A.) Thus Lemma 1431 applies to P = P(c; A). Let gp be the relatively 
complete type described there, for P. Let q r be any Aut(M/74)-invariant 
type, extending Q R and u < radius{b) {b G W(c;A)), a < u {u G Pr). By 
Lemma H~6l q* = qp(x) U U ae pg r ((|a; — a\,r(x, a), . . .)) is consistent. Clearly 
q* is Awt(M/v4)-invariant. The facts that it is complete, and that it extends 
tp(c/A), both follow from Lemma [4.51 

Let N n be the group of matrices of the form I n + b, where I n is the 
identity matrix in GL n , and b is matrix in B n (0) with all entries having 
absolute value << 1. 
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Thus iV n (Q p ) = B n (Q p ) n n m (J n + p m M n (0)). This can be viewed as the 
identity component of B n (Z p ). 

Lemma 4.8 (N n has a right-generic type.) There exists an Aut(M) -invariant 
type p\M of matrices a G N n , also invariant under right multiplication: if 
b G A C N n , and c \= p\A, then cb \= p\A. p is complete relative to the norms 
and r n -values of the entries. (Or, if Qr has an Aut(M) -invariant 1-type, p 
can be taken to be complete.) 

Proof Let q = qi be the 1-type over M given as in Lemma |4~5| with respect 
to the cut: b — (\Xq\, |Aq|, • • •)■ (Or, let q be any complete, v4ut(M)-invariant 
extension of this type.) 

Let p be the type of upper-triangular matrices obtained by iterating q 
n(n + l)/2 times, using the lexicographic order on the matrix entries, and 
adding 1 on the diagonal: thus if (a) G M n , then I n + (a) |= p\A iff an \= 
q\A, a 12 \= q\DCL(A, a n ), . . . a 22 (= q\DCL(A, a n , a lin ), a n , n |= q\DCL(A, a u , • • • , a n ,n-i), 
while aij = for i > j. 

The fact that p is an Awt(M)-invariant type of elements of N n is clear. 
As for the right translation invariance, let I n + (6) G N n ;we have to show that 
(I n + (a))(I n + (b))=I n + (a) + (b) + (a)(b) |= p. Let (d) = (a) + (6) + (a)(6). 
Then d\\ = a u + 6n + an&n. We have 

Z < faZ(an) << wa/(6n) < val(aubu). 

So t>aZ(<iii) = faZ(an), r(dn) = r(an) = 1 (for r G 5); it follows that 
du \= q. Similarly 

d\2 = Oi2 + b 12 + a u 6 12 + ai 2 6 2 2; 

here ai 2 has strictly smaller value than any of the other summands, so again 
val(di 2 ) = val(ai 2 ). Thus d\ 2 |= q\DCL(A, an). But since b G DCL(A), 
du G -DCL(A, an) , so di 2 |= q\DCL(A, d n ). Continuing in this way we see 
that (d) |= p. 

Corollary 4.9 Let R be a (left or right) coset of N n in B n (K). Then there 
exists an AutiM j K) -invariant type of elements of R. 

Proof Say R is a right coset. Pick g G R, let p be the right-iV n -invariant 
type of Lemma |4.8[ and let 9 p = tp(gc/A), where c |= p\DCL(Ag). Then 
9p =gh p f or g _/y^ since p is A^ n -invariant. Thus any automorphism fixing 
R must fix 9 p. 
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Corollary 4.10 Let M \= Th(Q p ),e G S n (M), E = ACL(e) n M. Then 
there exists an AutiM j 1 E) -invariant type of bases for e. 

Proof It was noted above [ref?] that any lattice e has a triangular basis; 
this basis can be viewed as the set of columns of a matrix in B n (K). Let 6, b' 
be two such bases, and suppose b' = cr(b), a G Aut(M/E). Then as e/p m e is 
finite for all m, the columns of b, b' must be in the same coset of p m e for each 
m. Thus if we write b' = 6(a) with (a) G B n (0), then (a) = I n modulo p m for 
each m, so (a) G N n . Thus Aut(M/E) preserves the coset bN n . So it suffices 
to take the Aut(M/6iV ri )-invariant type of elements of bN n guaranteed by 
Corollary H3D 

5 Algebraically Closed Valued Fields 

Here we recall some facts about algebraically closed valued fields, essentially 
from [HHM] . 

Let if be a (sufficiently saturated) algebraically closed valued field, A = 
acl(A) C K. Let P be a ball, or an infinite intersection of balls, defined 
over A. If P = DP n , then the cut in T below {rad(P n ) : n} is referred to as 
rad(P) 

There is an associated Aut(K / A)-mv&riant 1-type a? of elements of P: 
c £ ap\B if c G P, and there is no P-definable proper sub-ball 6 of P with 
c G B. We say that c is generic in P over B if c G «p|P. 

When P is open or strictly oo-definable, there is also an associated 
Aut (K / A)-mvariant type of "large, centered" closed balls in P; we denote it 
/3p, and refer to a generic closed ball of P. Namely, for A C P = acl(B), 
6G/3p|Pif6isa closed ball containing any P-definable proper sub-ball of 
P, and of radius bigger than any 7 G T(P) with 7 < rad(P). 

It follows that 6 is contained in no proper P-definable sub-ball of P; so a 
P-generic a G 6 is also P-generic as an element of P. 

Thus tp(b/B) can also be described as follows: first pick a generic c G P; 
then pick a generic a < rad(P), and let 6 be the closed ball around c of 
radius \a\. 

If P has an A-definable proper sub-ball 60, then there is no need for c: 6 
is the ball around 60 with radius \a\. In this case dcl(b, B) = del (a, B). 

Definition 5.1 Let r be a function (defined over A' = acl(A') D A), with 
r(x) a finite set. Let q be an Aut(K / A)-invaxia.nt type, r is irreducible on q 
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if for generic a G q (over A'), all elements of r(a) are Aut(K/ A' a)-conjugate. 
Equivalently, there is no r' defined over A' such that for generic c G q, r'(c) 
is a nonempty proper subset of r(c). 

Lemma 5.2 T/ie notion of irreducibility on j3p does not depend on A' ; in- 
creasing A' will not change it. (For sequentially generic types, this is the 
Stationarity Lemma of HHM-2.) 

Proof Let r be a function defined over A' = acl(A') D A, and assume that 
for c G ap|A, Aut(K/A'c) acts transitively on r(c). We will show the same 
is true for any B D A'. 

If P has a proper sub-ball defined over A', then j3 P \A' is definably equiv- 
alent to the type of a generic a < rad(P), so [the Stationarity Lemma of 
HHM-2] applies directly. If P has no sub-ball, then T(A') = T(A'c), if c G P 
is generic over A'. Let s(x,u) = r(b(x,u)), where b(x,u) is the ball around 
x of radius u. Let b G /3p(A'), pick a generic point c of b (over A'b), and 
let a be the radius of b. Then tp(c/A'b) extends to an Aut(K / A' b) -invariant 
type, so in particular every A'6-elementary permutation of r(c) is also ele- 
mentary over A'bc, hence over A'ca; thus s is irreducible (over A'). Let q be 
the sequentially generic type of pairs (x,u), with x G P generic, and then 
u < rad(P) generic over x. Then by [the Stationarity Lemma of HHM-2], 
for any B, if (c', a') \= q\b, b' = b(c',a'), then s(c',a') = rip') is transitive 
under Aut(K/Bc'a'), hence certainly under Aut(K/Bb'). As b' G f3p\B, this 
proves the lemma. 

Lemma 5.3 Let r be irreducible on P. Then for a generic closed ball C C P, 
r\C is irreducible on C . 

Proof Let B be a base set with A C B = acl(B), r defined over B, and 
such that P has a point b G B. Let C G f3p\B. Then b G C, and C is 
the ball around bo of some radius a; C is defined over B, a. Let c G C be 
a generic point (over B, a). Then c is a generic point of P over B. Thus 
the elements of r(c) are Aut(K/B,c) - conjugate. But a G dcl(B,c) since 
|&o _ c l = So the elements of r(c) are Aut(K/B, a, c)-conjugate. Let 
5' = dcl(B,a) = dcl(B, <C>). Then by HHM, acl(B') = B'. Aut(K/B',c) 
is transitive on r(c), so proving that r|C is irreducible on C. 

Lemma 5.4 Assume that for C G f3p\A, there is given a function gc on 
C, with gc defined over A,<C>. Assume moreover that there exists a In- 
definable function r such that for C G f3p(A), r\C,gc have the same C-germ. 
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Then there exists an A-definable function g on P, such that for a generic 
closed ball C of P, g\C,gc\C have the same C-germ. (Moreover, r,g have 
the same P-germ.) 

Proof First suppose P has a proper sub-ball c defined over A. In this 
case the generic closed balls C have the form C(a), where a is generic in an 
appropriate cut in T, and C(a) is the closed ball around Co of radius a. Let 
C'(a) be the open ball around Co of radius a, and let A(a) = C(a) \ C'(a). 
Then the sets A(a) are disjoint, and we can form a function g with g{t) = 
gc(t) whenever t G A(a),C = C(a) (gluing on annuli.) It is then clear that 
g\C,gc\C have the same C-germ. 

The function r was not needed so far; but if it is given, then r, g can 
at worst differ on a proper-sub-ball of P (otherwise they agree on at most 
a proper sub-ball; for a generic closed C containing that sub-ball properly, 
r\C,g\C will not have the same C-germ, contradiction.) 

If on the other hand P has no A-definable proper sub-balls, P forms a 
complete type over A; and the type over A of a nested tuple of sub-balls of 
P, is determined by the type of their radii. 

Let C G (3p(A), C G fip(A, <C >). r must agree with g c away from some 
finite union F of proper sub-balls of C. Find C C C, C n F = 0, rad(C) = 
rad(C ); then C G (3 P (A, <C>). As r\C = gc\C, we have: gc,9c\C agree 
generically. But C has no proper balls defined over acl(A, <C>, <C>) 
(since there are infinitely many other sub-balls with the same radii, and by 
the remark on types of nested balls [label?]. ) Thus gc,9c\C agree with no 
exceptions. 

Now C G Pp(A),C G p P (A,<C>). Whenever d C C 2 G p P (A), 
consider a C* G f3p(A, <C\>, <C 2 >); then golC = gc t , so <7c 2 |Ci — fl'Ci- 
Thus g = Uc g/ g p (A)5'c is a function, satisfying the requirements. 

Finally we repeat verbatim a lemma and proof from [HHM-2]. 

Lemma 5.5 Let (P,Q;R) be a structure; RC P 2 x Q. Assume: 

(i) For any a G P, acl(a) H Q = 

(ii) For any a ^ b G P R(a,b) = {c G Q : R(a,b, c)} is a /inzte subset of 
Q, of bounded size. Assume for simplicity R(a, b) = R(b, a). 

(Hi) For distinct a, b, c G P, R(a, b) C i?(a, c) U c). 
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Then R(a,b) = 0. 



Proof We may assume the structure is Ko-homogeneous. Pick a, b G P with 
R(a, b) of maximal size n. Let F = R(a, b). 

Claim 5.6 For any b' eP,ifb'^b and R(b, b') ^ then R(b, b') n F ± 0. 

Proof For b' = a, this is clear (unless n = and we are done.) Let b' ^ a. 
Suppose R(b, V)r\R(a, b) = 0. Then R(b, b') C R(a, b') and R(a, b) C i?(a, 6'), 
by (ii). But by maximality of n, this forces i?(a, b) = R(a, b'), so R(b, b') = 0. 

Now F fl acl(b) = 0. By Neumann's Lemma, there exist disjoint conju- 
gates Fx, ... , F n+ x of F over 6. So Claim 15.61 as stated applies to any Fi in 
place of F. Pick any b' e P,b' ^ b, with R(b, b') ^ (e.g. b' = a); then by 
Claim [5\6| R(b, b') fl Fj 7^ 0, for each z. But the n + 1 sets are disjoint; so 
R(b, b') has at least n + 1 points, a contradiction. 

6 Rationality 

We will need the following consequence of EI: for any O-definable set T> and 
any O-definable equivalence relation £ on T>, there is a O-definable map / 
from D to a product of sorts Mi x • ■ ■ x M n for some n such that for every 
x, y G V, we have x^y if and only if f(x) = f(y) (see [HHM], Section 1). It is 
not hard to show that if a theory admits EI then it still does so after adding 
some constants to the language, so we may replace all of the occurrences of 
"O-definable" by "definable" in the previous sentence. 

Lemma 6.1 Let N G N and let fi be the additive Haar measure on , 
normalised so that /i(Z^) = 1. For any A G GL N (Q p ), we have 

Li(A.GL N {Z p )) = \detA\ N . (2) 

Proof Since — GLjv(Z p ) has Haar measure zero (it is the vanishing set of 

a nontrivial polynomial), we may replace GL N (Z P ) with in Eqn. (JSj). We 

identify Z^ with the free Z p -module D on the matrices Ey for 1 < i,j < N, 
where the (i, j')-entry of is one and the other entries are zero. 

Let A G GLjv(Q„). Let Ax be a matrix obtained either by exchanging 
two columns of A, or by adding some Z p -multiple of one column of A to 
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another column of A Then | det A] = | det A\\, and we have A.D = Ai.D, so 
n{A.D) = n(Ai.D). Now fix k G 1, . . . , N and let A 2 be the matrix obtained 
from A by multiplying the fcth column of A by some nonzero A G Q p . Then 
det A = A det A. Suppose that |A| > 1. Let Dk(X) be the free Z p -module 
generated by the Ey for 1 < i, j < N and i ^ k, together with the XEkj for 
1 < j < N. We have A 2 .£> = AD fc (A). Now |AL> fc (A)/AL>| = |D fc (A)/D| = 
(A^, so A.D k {\) is the union of (A^ disjoint translates of A.D. It follows 
that /i(A--D) = |A| fi(A.D). The same formula holds by a similar argument 
if |A| < 1. Since any element of GLtv(Q p ) can be obtained from the identity 
matrix by elementary column operations, Eqn. ([2]) follows. 

By a definable family R = (-Rz)z G z r of subsets of we mean a definable 
subset R of x Z r , and we write Ri for the fibre above / of the projection 
from R to 7U . By a definable family E = (Ei) ie z r of equivalence relations 
on R we mean a definable equivalence relation E on R such that for every 
x,y G R, if xEy then there exists / G Z r such that x,y G We then have 
a definable equivalence relation E/ on Ri for every /, and by a slight abuse of 
notation we can regard {Ei)i & z r as a definable family of subsets of Qp N ■ Let 
N denote the set of nonnegative integers. Then Nq is a definable subset of 
Z r , so it makes sense to talk of definable families R = (Ri)i<z^ o , etc. 

Now we come to the main result of this section. We extend the definition 
of Q-rationality to power series in several variables in the obvious way. 

Theorem 6.2 Let R = (Ri)i e jqr be a definable family of subsets ofQ . Let 
E = (Ei)i e fqr be a definable family of equivalence relations on (Ri)i e ^- Sup- 
pose that for each I G Nq, the set of equivalence classes Ri/Ei is finite. Let 
ai = \Ri/E[\. Then the power series 

E °^ e Q[[*i,...,y 

is Q-rational. 

Proof By EI, there exists m G N, M 1; . . . , M s G N for some s G N, and 
a definable function /': R — > x Sm 1 x • • • x S Ms such that for every 
x,yeR, xEy ^ f'(x) = f'(y). Define /: R -> x S Ml x ■ ■ ■ x S Ms x W 
by f(x) = (f(x),l) HxeRl 

The determinant function on GL M (Q p ) descends to give a well-defined 
definable function det: Sm Q p - Define Sm + = {x G Sm \ log | deta:| > 0} 
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and Sm~ = {x & Sm I log p | detx| < 0}. The map B \— > (B T )~ 1 (where B T 
denotes the transpose of B) descends to give a well-defined definable bijection 
Q-m'-Sm — ► Sm, mapping Sm~ into Sm + - The preimages /^(Q™ x Sivh 1 x 
• ■ • x Sm/ s x No), where each is one of the symbols + or — , partition R into 
a finite disjoint union of definable pieces. On each piece we can replace / with 
(id<Q p x #i x g s x idgr) o /, where each g { is id 5M . if e» = + and a Mi if e» = -. 
Thus we can assume without loss that f(R) C x X''-x5 Ms + xNJ. 

Denote by 7Tm the canonical projection from GLm(Q p ) to Sm- Let A = 
(Ai)i€tr be the definable family of subsets of Q™ x x • • • x Q^ 2 consisting 
of tuples (x, Bi,..., B s , I) G Q™ x 2 x • • • x Qj^ x such that 

(x,7r Ml (5i),...,7r Ms (£,),/) G 

Each is the union of a\ subsets of the form 

D = {x} x B 1 .GL Ml {Z p ) x • • • x B s .GL Ms (%p) x {0, 

where each £>; G GL^Qp)- 

Let tt: A -> Qp f i x • • • x Qj^ x W be the projection that omits the first 
factor Q™, and let A' = (A|)zeN5 be the image of A, a definable family of 
subsets of Qp Jl x • • • x Q^ s . By slight abuse of notation we regard the A\ 

as definable subsets of x • • • x Q* /2 . Each A[ is the union of a finite 
number a[ of subsets D' of the form 

D' = B 1 .GL Ml {Z p ) x • • • x Bs.GLmM (3) 

and the fibres of ir are finite. As the theory of Q p is algebraically bounded 
[ref], the fibre size is bounded by some positive integer N. For each j be- 
tween 1 and N, define A' (J) = (Ai(j))i e ^ to be the definable set {x G 
A' | | tt" 1 (a:) | = j}. Each A[(j) is the disjoint union of some finite number 
a[(j) of subsets of the form ([3]). We have ai = J2jLi a \(j) for each I, so it 
suffices to show that for each j, Y^imo a 'iU)^ 1 * s Q-rational. 

So fix j. Define functions gf. A'(t) — > Z for 1 < i < s by g%{B\, . . . , B s , I) = 
log p (| det Bi\ Mi ). By our assumption on f(A), each g^ takes only nonnegative 
values. For each piece D' of the form in AJ(j), Eqn. (jSJ) gives 

f p-(sn+~+g.)dfji = l 
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so we have 

a[(j) = [ p-^+'-^dfi. 

Ja 'i 

Since the gi take only nonnegative values, it now follows from [2], Theorem 
1.5 and Theorem 1.6.1 that the power series 

^2 a'^t 1 e Q[[ti, . . . ,t r }} 

is Q-rational, as required. 

The function I i— > ai is built from piecewise linear functions by multipli- 
cation, exponentiation and Q-linear combinations (see [2], Sections 1.5 and 
1.6). This implies the following growth estimate on af. there exist K > 
and Ci, . . . , Cr > such that for every I = (m, . . . , n r ) G (Z>o) r , we have 

ai<Kc n ^---c n r \ (4) 

Below we consider definable families that arise in the following way. Let 
T> C be definable and let E be a definable equivalence relation on T>. 
Suppose that fx, . . . , f r :T> — > Q p — {0} are definable functions such that for 
every I G Z r , the subset {x E V \ fi{x) = p~ li } is a union of equivalence 
classes. Then we can regard D as a definable family (T>i)i G z r of subsets of 
Q^, identifying V with the set {(x,l) G P x Z r | |/ f (ar)| = for all i}, and 
we can regard 8 as a definable family of equivalence relations on T>. 



7 Subgroup Growth 

We write G p for the pro-p completion of a group G. 

We give some examples of rational zeta functions from the theory of 
subgroup growth. If G is a finitely generated group then for any n G N, the 
number a n of index n subgroups of G is finite. We use Theorem 16.21 to give 
alternative proofs of results of [1] and [dS] concerning rationality of power 
series constructed using the subgroup growth function when G is nilpotent. 
First we need to recall some facts about nilpotent pro-p groups, including 
the notion of a good basis for a subgroup of a torsion-free nilpotent group 
[I], Section 2; we will need these ideas in Section [8] as well. 

Let T be a finitely generated nilpotent group and let j:T — > T p be the 
canonical map. Then T p is finitely generated as a pro-p group, so every 
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finite index subgroup of T p is open ([3], 1.17 Theorem) and has p power 
index ([3J, 1.18 Lemma). Since T is finitely generated nilpotent, every p- 
power index subgroup is open in the pro-p topology on F (this follows from 
[ref: Hall], Lemma 2.6 and its corollaries). In particular, there is a bijection 
H i— > j(H) between index p n subgroups of T and index p n subgroups of T p , 
and j(H) ~ H p (see pE], Proposition 1.2). For any H < T of index p n , we 
have Y/H ~ f p /j(H). 

[Emphasise that T is nilpotent.] 

Let A be a finitely generated torsion- free nilpotent group. A Mal'cev 
basis is a tuple aj, . . . , or of elements of A such that any element of A can 
be written uniquely in the form a* 1 ■■■aft 1 , where the Aj G Z. We call 
the Aj Mal'cev co-ordinates. Moreover, group multiplication and inversion 
in A are given by polynomials in the Aj with coefficients in Q, as is the 
map A x Z — > A, [g, A) i— > g A . We may regard the eij as elements of the 
pro-p completion A p , and analogous statements hold, except that A and the 
Mal'cev co-ordinates Aj now belong to Z p . In particular, the map j: A — > A p 
is injective and we may identify A p with Z^. 

Now let if be a finite index subgroup of A p , of index p n , say. A good 
basis for H is an i?-tuple h\ , . . . , Hr G H such that every element of H can 
be written uniquely in the form h^ 1 ■ ■ ■ h R R (Aj G Z p ), and satisfying an extra 
property which does not concern us here. We say that hi, . . . , G A p is a 
good basis if it is a good basis for some finite index subgroup H of A p . For 
each i, we can write 

^ = a^ 1 ■ ■ ■ a x R iR (5) 



and we recover 



A p :H 



from the formula 



A P .H 



\X u X22---X RR \=p~ n . (6) 



Often we will identify a good basis hi,...,h R with the i? 2 -tuple of co- 
ordinates (Ajj). 

Proposition 7.1 ([4], Lemma 2.3) The set V of good bases (Ay) C Z^ 2 
is definable. 

For each nonnegative n consider the following: 

(a) the number of index p n subgroups of A; 

(b) the number of normal index p n subgroups of A; 
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(c) the number of index p n subgroups A of A such that A p ~ A p ; 

(d) the number of conjugacy classes of index p n subgroups of A; 

(e) the number of equivalence classes of index p n subgroups of A, where we 
define A ~ B if A p ~ B p . 

Parts (a)-(d) of the following result are due to Grunewald, Segal, and Smith 
[I], Theorem 1. 

Proposition 7.2 Let b n be as described in any of (a)-(e) above. Then the 
local zeta function J2^Lo °nt n is Q-rational. 

Proof Consider case (a). Let T> be as in Proposition 17. II Define f:T>—>Q p 
by f(^ij) = | An • ■ ■ ^rr\- Define an equivalence relation £ on V as follows: 
two i?-tuples (Xij), (/■%•), representing good bases h\, . . . , Hr and k\, . . . , k,R 
for subgroups H, K respectively, are equivalent if and only if H = K. Using 
Eqn. ([H]), we see that for each nfZ, the subset {(Xij) G V \ |/(Ay)| = p~ n } 
is the union of precisely b n equivalence classes. 

Now £ is definable: it is the subset of T> x T> given by the conjunction for 
1 5: i,j 5: R of the formulae 

(3a?,..., a® eZ p ) h = hf ..-hf 

and 

(M j \---,r R j) e^k^hf ---hf, 

and these become polynomial equations in the X^, the /i^, the o~i and the 
Tj when we write the hi and kj in terms of their Mal'cev co-ordinates (Eqn. 
©). We deduce from Theorem O that £~ =0 b n t n is Q-rational. 

The proofs in cases (b) - (e) are similar, modifying the definitions of 
D and £ appropriately. For example, in (b) we replace T> by the set T>- 
of tuples (Ay) that define a normal finite-index subgroup H; a tuple (X^) 
corresponding to a finite index subgroup H belongs to T>- if and only if it 
satisfies the formula 

(V<? G K p )(\/h G H)(3v l7 . . . , u R G Zp) ghg- 1 = h? ■ ■ ■ h R R , 

which is polynomial in the z/,, the Ay and the Mal'cev co-ordinates of g and 
h. In case (d), the equivalence relation is the subset of T> x T> given by the 
formula: 

there exists g G A p , there exists crp , rf 1 G Z p for 1 < i,j < R such that 
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ghjg = ki 1 ■ ■ ■ k B and gkjg — hi ■ ■ ■ h£ for 1 < j < R. 

This is polynomial in the Mal'cev co-ordinates of g and of the hi and the fc;. 

The proof for case (d) is not given explicitly in [I], but the appropriate 
definable integral can be constructed using the methods in the proof of [dS, 
Conj. classes], Theorem 1.2; what makes this work is that the equivalence 
classes are the orbits of a group action. (Note, however, that our method is 
not directly applicable to [dS, ibid] because the language used there contains 
symbols for analytic functions.) Case (e) is new; here the equivalence rela- 
tion does not arise from any obvious group action, and Theorem 16.21 gives a 
genuinely new way of proving rationality. 

Here is another application, to the problem of counting finite p-groups. 

Proposition 7.3 (du Sautoy) Fix positive integers c,d. Letc n be the num- 
ber of finite p-groups of order p n and nilpotency class at most c, generated by 
at most d elements. Then the power series J2™=o c nt n is a rational function 
oft. 

Proof Let A be the free nilpotent group of class c on d generators. Any 
finite p-group of order p n and nilpotency class at most c and generated by at 
most d elements is a quotient of A p by some normal subgroup of index p n . 
Let T>- and / be as in the proof of Proposition 17.21 Define an equivalence 
relation £ on V- as follows: two i?-tuples (Ay), (/%), representing good bases 
hi, . . . , /ir and ki, . . . , kit for subgroups H, K respectively, are equivalent if 
and only if A p /H ~ A p /K. 

The result will follow as in Proposition 17.21 if we can show that £ is 
definable. We claim that £ C £>- x is given by conjunction of the 
formulae 



\f(\i)\ = \fOm)\ 



and 



1(36!, . . . , b r e A p )(Vz/!, . . . , v r e Z p ) a? ■ ■ ■ a v £ E H ti? ■ ■ ■ b u B R e K. 

(7) 

[There is a problem here. E.g., the dj aren't defined/quantified over.] 
To prove this, suppose that A p : H = A p : K . If Eqn. (JTJ) holds then the 
map aiH i— > biK defines an isomorphism from A p / H onto A p / K. Conversely, 
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if g is an isomorphism from A p /H onto A p /K then we can choose hi G A p 
such that g{fliH) = hiK for 1 < % < R. Then for all V\, . . . , v r G Z we have 

(*) af-.-a^eH b?...b'£eK; 

since if, .K" are closed and the group operations are continuous, (*) holds 
with Z replaced by Z p . This proves the claim. The formulae above involve 
only the definable function /, the p-adic valuation, and polynomials in the 
Mal'cev co-ordinates and the Ui, so S is definable, as required. 

Du Sautoy's proof [ref:zeta fns and counting finite gps, Thm 2.2] uses the 
fact that an isomorphism A p /H — ► A p /K lifts to an automorphism of A p , 
which implies that the equivalence relation £ arises from the action of the 
group Aut Ap, a compact p-adic analytic group. This allows one to express 
the power series J2%Lo c nt n as a definable p-adic cone integral. Our proof is 
simpler; on the other hand, it does not yield the information about uniformity 
in p that follows from the cone integral formulation ([dS, ibid. Thm 3.2]). 

8 Twist Isoclasses of Characters of Nilpotent 
Groups 

By a representation of a group G we shall mean a finite-dimensional complex 
representation, and by a character of G we shall mean the character of such 
a representation. A character is said to be linear if its degree is one. We 
write (, ) G for the usual inner product of characters of G. If x is linear then 
we have 

(X^l,X0 r 2) G = (0"1,0"2)g ( 8 ) 

for all characters a\ and oi- If G' < G has finite index then we write 
Indg,- and Res^;- for the induced character and restriction of a character 
respectively. For background on representation theory, see [I]. Below when 
we apply results from the representation theory of finite groups to repre- 
sentations of an infinite group, the representations concerned always factor 
through finite quotients. 

We denote the set of irreducible n-dimensional characters of G by K n (G). 
If N < G then we say the character x of a representation p factors through 
G/N if p factors through G/N (this depends only on x, not on p). 
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Notation 8.1 We say a character a of G is admissible if a factors through 
a finite quotient of G. If p is prime then we say a is p- admissible if a factors 
through a finite p-group quotient of G. We write (G) (Ri p) (G)) for the 
set of admissible (p-admissible) characters in R n (G). Note that R^(G) is 
empty if n is not a p-power ([1], (9.3.2) Proposition). 

Given o~\,o~2 G R n (G), we follow [8] and say that o\ and 02 are twist- 
equivalent if a 1 = \ a 2 for some linear character x of G. Clearly this defines an 
equivalence relation on R n (G); we call the equivalence classes twist isoclasses. 

[Notation: Do we want to say "irreducible twist isoclasses" or just "twist 
isoclasses" ?] 

Observation 8.2 Let <Ti, 02 be two irreducible degree n characters of G that 
are twist-equivalent: say cr 2 = x a i- If N < G such that a 1 ,a 2 both factor 
through G/N, then x a ls° factors through G/N . 

If N\, N 2 ^G have finite (jo-power) index then A^iflA^2 also has finite (p-power) 
index. This implies that that when we are working with twist isoclasses in 
R^ d (G) (R(f)(G)), we need only consider twisting by admissible (p-admissible) 
linear characters. 

Fix a finitely generated nilpotent group V . The set R n (T) can be given the 
structure of a quasi-affine complex algebraic variety. Lubotzky and Magid 
analysed the geometry of this variety and proved the following result [S], 
[ref?]. 

Theorem 8.3 There exists a finite quotient T(n) ofT such that every irre- 
ducible n-dimensional representation of T factors through T(n) up to twist- 
ing. In particular, there are only finitely many twist isoclasses of irreducible 
n-dimensional characters. 

Thus the number of degree n irreducible twist isoclasses is a finite number 
a n . 

Theorem 8.4 The zeta function (r, P (t) = J2^=o a p n ^ n ^ s rational. 

We prove Theorem 18.41 by showing how to parametrise irreducible twist 
isoclasses in a definable way. The equivalence relation in the parametrisation 
is not simply the relation of twist-equivalence, which arises from the action 
of a group — the group of linear characters of T — but a more complicated 
equivalence relation. 
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The correspondence between index p n subgroups of T and index p n sub- 
groups of T p gives a canonical bijection between R^fT) and Rp$(T p ), and it 
is clear that this respects twisting by p-admissible characters. 

Lemma 8.5 For every nonnegative integer n, the sets R p n (r)/(twisting) and 
Rj#(f p )/ (twisting) are in bijective correspondence with each other. 

Proof It suffices to show that given any a G R p n(r), some twist of a factors 
through a finite p-group quotient of T. By Theorem I8.3[ we can assume 
that a factors through some finite quotient F of V . Then F, being a finite 
nilpotent group, is the direct product of its Sylow /-subgroups F h where I 
ranges over all the primes dividing \F\ ([ref: Hall], Theorem 2.7). Moreover 
(PQ, (10.33) Theorem), a is a product of irreducible characters <T/, where each 
o~i is a character of F\. Since the degree of an irreducible character of a finite 
group divides the order of the group (pQ, (9.3.2) Proposition), all of the o~\ 
for I p are linear. We may therefore twist a by a linear character of F to 
obtain a character that kills Fi for I ^ p. The new character factors through 
F p , and we are done. 

The key idea is that finite p-groups are monomial: that is, every irre- 
ducible character is induced from a linear character of some subgroup. We 
parametrise p-admissible irreducible characters of T p by certain pairs (H, x), 
where if is a finite index subgroup of T p and x is a p-admissible linear char- 

acter of H: to a pair we associate the induced character Ind^x- We can 
parametrise these pairs using the theory of good bases for subgroups of T p , 
and this description is well-behaved with respect to twisting. Two distinct 
pairs (if, x) an d (FF, x') may give the same induced character; this gives rise 
to a definable equivalence relation on the set of pairs. 

If tp is a character of H then we denote by g.ip the character of g.H = 
gHg' 1 defined by (g.^ighg- 1 ) = ip(g). 

Lemma 8.6 (a) Let a G K p P n(Tp). Then there exists H < T p , such that 
T p : H = p n , together with a p-admissible linear character x of H such that 

a = lnd T jfx- 

(b) Let H be ap-power index subgroup ofT p and let x be a p-admissible linear 

character of H . Then Ind^/x a p-admissible character ofT p , and Ind^/x 
is irreducible if and only if for all g G T p —H, Res 9 ' HnH g.x 7^ ^ es q.HnHX- 
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Moreover, if ip is a p- admissible linear character of T p and Ind^x i s irre- 
ducible then Ind# f LRes#^ x^j = 4> Ind^X- 

(c) Let H,H' < T p have index p n , and let x,x' be p- admissible linear charac- 
ters of H, H' respectively such that Ind^x an d in d///X' are irreducible. Then 
Ind^ P x — Ind^x' if an d only if there exists g E T p such that Kes^\HriH'9'X = 
^ es f.HnH'X'- 

Proof (a) Since a is p-admissible, it factors through some finite p-group 
F. Since finite p-groups are monomial (p], (11.3) Theorem), there exists 
L < F of index p n and a linear character x of L such that o — regarded as 
a character of F — equals Ind^x- Let H be the preimage of L under the 
canonical projection T p — > F. Regarding x as a character of H, it is easily 

checked that T p : H = p n and a = Ind# x- 

(b) Since x is p-admissible, the kernel K of x has p-power index in T p , so 
K contains a p-power index subgroup N such that N < T p . Clearly iV < 
r r 

ker (Indj/x); so in d//x is p-admissible. The irreducibility criterion follows 
immediately from [Tj, (10.25) Theorem. Using Frobenius Reciprocity ([7], 
Chapter XVIII, Theorem 6.1), we have 



(Ind^ffRes^lxl^Ind&x 



Res^V J X, ResJ" ( ip IndJ/x 



Res&V) X, (Res^J Res&flnd&x 



X,Res&^Ind&x))..by Eqn. © 

= ^IndJ'x, Ind^x^ 
= 1. 

Now ^ Ind# x is irreducible, because Ind^/x is, and the degrees of Ind# ^ ^ Res',/' < 1 j \ 
and ip Ind^/x are equal. We deduce that ip Ind^/x = in d# ( ( Res# V ) X 
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(c) The Mackey Subgroup Theorem [Tj, (10.13) Theorem gives 

Res| (ind&x) = £ ^f.HnW fa$%nH> 9-x) ■ (9) 

geH'\%/H 

Here the sum is over a set of double coset representatives g for H'\T P / H (the 

characters on the RHS of the formula are independent of choice of represen- 
r r 

tative). Since Indj/x and Ind^x' are irreducible, they are distinct if and 
only if their inner product is zero. We have 

(lndjx>d^x') ? 

= ^Res^(Ind^x); X^j by Frobenius Reciprocity 

= £ ( Ind ? HnH> ( Re 4'.HnH> 9-x),x') H , by the Mackey Subgroup Theorem 

geH'\T p /H 

J2 ( Res g-HnH>9-Xi Resf.HnwX') HnH , by Frobenius Reciprocity. 

geH'\T p /H 

This vanishes if and only if each of the summands vanishes, which happens 
if and only if Res 9 g x nH ,g.x 7^ Res^ HnH ,x' for every g, since the characters 
concerned are linear. The result follows. 



Write T as a quotient A/0 of a finitely generated torsion- free nilpotent 
group A: for example, we may take A to be the free class c nilpotent group 
on N generators for appropriate N and c. Let 7r: A — > T be the canonical pro- 
jection, and let i: 9 — > A be inclusion. Let A p , Q p be the pro-p completions 
of A, B respectively. Then tc (resp. i) extends to a continuous homomor- 
phism 7r p : A p — > T p (resp. i p : Q p — > A p ), and the three groups i p (9 p ), ker7f p , 
and the closure of in A p all coincide (compare [3], Exercise 21 of Chapter 
1). (Because A is finitely generated nilpotent, it can in fact be shown that i p 
is injective, and hence an isomorphism onto its image.) Clearly p-admissible 
representations of T p correspond bijectively to p-admissible representations 
of A p that kill ker7? p . By [ref: Hall], Lemma 1.9, G is finitely generated, so 
we can choose a Mal'cev basis Q\, . . . , 6 S for 9. We identify the Qi with their 
images in A p . 

Let fi p n be the group of all complex p n th roots of unity, and let fi p oo be 
the group of all complex p-power roots of unity. 
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Lemma 8.7 The and Q p /Zp are isomorphic. 

Proof Let p _ °°Z < Q be the group of rational numbers of the form np~ r for 
nGZ and r a nonnegative integer. Then p _00 ZnZ p = Z and Z p p~°°Z = Q p , 
so Q p /Z p ~ p~°°Z/Z, by one of the standard group isomorphism theorems. 
The map q i— > e 27n<7 gives an isomorphism from p _00 Z/Z to /x p oo. 

Let $: /ipoo — » Qp/Zp be the isomorphism described above. Any p-admissible 
linear character of a pro-p group takes its values in /Xp°o, so we use $ to 
identify p-admissible linear characters with p-admissible homomorphisms to 

Q p /z p . 

Lemma 8.8 LetV C Zp xQ p be the set of tuples (Xij,yk), where 1 < i, j < 
R and 1 < k < R, satisfying the following conditions: 

(a) the Xij form a good basis h\, . . . , Hr for some finite index subgroup H of 

A P ; 

(b) the prescription hi i— > y,i mod Z p gives a well-defined p-admissible homo- 
morphism \'- H — > Q p /Z p that kills H D ker 7Tp; 

fcj i/ie induced character Ind^ P x ^ s irreducible. 

Then T> is definable. Moreover, Ind^ P x ^ s a p-admissible character of T p , 
and every p-admissible irreducible character ofT p arises in this way. [Want 
Tip o . . . for this to make sense.] 

Notation 8.9 Given (Xij,yk) £ T), we write ^(Xij, Vk) for the pair (H,x)- 
Since the hi generate H topologically, the p-admissible homomorphism \ 
defined by the yi is unique. 

Proof Condition (a) is definable, by Proposition 17.11 Given that (a) holds, 
we claim that (b) holds if and only if there exists an i? 2 -tuple (/Xy) such that: 

(i) (fMj) defines a good basis k±, . . . , kR for a finite index subgroup K of A p ; 

(ii) K < H; 

(iii) H n ker tt p C K; 

(iv) there exist y G Q p , r%, . . . G Z p , h E H such that |y| = \H/K\ and 
for every % we have /t ri = hi and = ?/j mod Z p . (Here x denotes the image 
of x G H under the canonical projection H —>■ H/K.) 

To see this, note that if (b) holds then ker x is a finite index subgroup of H 
which satisfies (ii) and (iii). Take (/Xy) to be any tuple defining a good basis 
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for K. Then H/K, being a finite subgroup of Q p /Z p , is cyclic, so choose 
h G H that generates H/K and choose y G Q p such that = y mod Z p . 
We can choose 7*1, . . . , Tr G Z such that hi = h ri for each i, and it is easily 
checked that (iv) holds. 

Conversely, suppose there exists a tuple (fiij) satisfying (i)-(iv). The map 
Z p — > H, A t— > h x is continuous because it is polynomial with respect to the 
Mal'cev co-ordinates, so there exists an open neighbourhood U of in Z p 
such that h x G K for all A G U. Since Z is dense in Z p , we may therefore 
find ni, ■ ■ ■ , n>n G Z such that /ij = /i ni for each i. 

We have a monomorphism /3: H/ K — > Q p /Z p given hy (3{h ) = ny mod Z p . 

Let x De the composition — > iif/if — » Q p /Z p . Condition (iii) implies that 
X kills H fl ker7? p . The canonical projection H — > iif/i^ is continuous ([3], 
1.2 Proposition), so we have x(h x ) = \y mod Z p for every A G Z p . Condition 
(iv) implies that x(hi) = V% mod Z p for every i, as required. 

Now condition (i) is definable, by Proposition 17. II Condition (iii) can be 
expressed as 

(Vz/i, . . . , V S G Zp) [(3(7!, . . . , 0" s G Z p )^ ■ • • e = /l? ■ • • /#] 

(3n, . . . ,t s g z„)^ • • • C = fel 1 • • • fcJT- (10) 

Eqn. [10] can be expressed in terms of polynomials in the Ay, the //y, the Vk, 
the (Tfe and the (note that the 9k are fixed elements of A p ). 

Similar arguments show that (ii) and (iv) are also definable conditions. 
In (iv), note that the conditions h ri = hi imply by the argument above that 
h is a generator for H/K, so the condition \y\ = \H/K\ can be expressed as 
(h y G K) A (h p ~ ly (£K). 

By Lemma IHUI (b), irreducibility of the induced character can be written 

as: 

(Vg G \-H)(3h G H) ghg- 1 G H and xighg' 1 ) ± x(h). 

Writing this in terms of the Mal'cev co-ordinates, we see that (c) is a definable 
condition. 

By Lemma [831 (a), any p-admissible irreducible character a of T p is of the 

form Ind^x f° r some finite index subgroup L of T p and some p-admissible 
linear character x of L. Let H be the preimage of L under the canonical 
projection A p — > T p . Regarding a, x as representations of A p , H respectively, 

it is easily checked that a = Ind^ P x- Choose (Ay) defining a good basis 
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hi, . . . , h R for H, and choose y k such that x(hi) = Hi m od Z p . The above 
argument shows that (\ij,yk) £ This completes the proof. 

Define f:T> — > Z p by f(\ij,yk) = |An • • - A.rr|. Define an equivalence 

relation ^ on P by (^ij,yk) ~ (KjiUk) ^ ^ n< ^H P X an d Ind^?x' are twist- 
equivalent, where (if, x) = ^(Ay, y&) and (if', = \?(Ay, yjj.). The degree of 

Ind^ p x equals f(Xij, y k )~\ and likewise for (A^,^), so if (Ay,y fc ) ~ (A^j/J.) 
then f(Xij,y k ) = fiKjiVk)- 

For each nonnegative integer n, let V n = {(\ij,yk) G | f(\j,Vk) — 
p~ n }. It follows from Lemma [5TH1 and the definition of £ that T> n is the union 
of precisely a p n ^-equivalence classes (note that if one representation of T p is 
the twist of another by some linear character ip of A p then ip is automatically 
a character of T p , by Observation 18. 2j) . We may regard £ as a family (£ n ) n ez 
of equivalence relations on the definable family of sets (2\)nez- To complete 
the proof of Theorem 18.41 it suffices by Theorem 16.21 to prove the following 
result. 

Proposition 8.10 The equivalence relation £ is definable. 

Proof Let V C Q p be the set of i?-tuples (zi, . . . , zr) such that the pre- 
scription dj i — > Zi mod Z p gives a well-defined p-admissible linear charac- 
ter of A p that kills ker7r p . We denote this character by E(zi, . . . , z R ) (or 
just S(zfc)). Similar arguments to those in the proof of Lemma 18.81 show 
that V is definable. If (zi,...,zr) G V and (H,x) = ^(Kj,Vk) then 

Res^ p H(zfc) x — ^{^ijiHk + Zk). Applying Lemma [831 (b) and (c), we see 
that (Xij,yk) ~ (AL, z' k ) if and only if 



Writing this in terms of the Mal'cev co-ordinates, we obtain an equation 
involving T>' and p-adic norms of polynomials in the Ay, the y k , the A^-, the 
y' k , the z k , and the Mal'cev co-ordinates of g and h. We deduce that £ is 
definable, as required. 

Remark 8.11 It is not hard to see that the sets T>, £ are actually O-definable, 
for all the polynomials that arise have coefficients in Z. For example, since 
each 6i belongs to 9, its Mal'cev co-ordinates with respect to the a« are 
integers. 



{B{zi, ...,z R )e V) {3g E A p ) (V/i G H) ghg' 1 G H 
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Example 8.12 Let T be the Heisenberg group (a,b,c \ [a,b] = c,[a,c] = 
[b,c] = 1). Nunley and Magid [TU] explicitly calculated the irreducible twist 
isoclasses of F and showed that 



oo 



C r , p (i) = 1 + V> - l)p«- V\ 



n=l 



The formula for the sum of a geometric progression gives 



Cr>(*) 



l-t 



l-pt 
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